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Abstract

In this paper, we propose a simple method for simulating the generation, growth and motion of bubbles in carbonated
water. Bubbles are known to be generated at small air pockets on the surfaces of objects, such as a glass or a stirrer,
and on the microscopic dusts in carbonated water. The number of bubbles and their growth rates differ according to
the materials of the objects. In addition, the motion of bubbles also differs according to the materials; bubbles slowly
glide on plastic and acrylic surfaces whereas such motions cannot be seen on a stainless-steel surface. Our method
can represent such differences by controlling the number of generation points (i.e., air pockets) and applying adhesion
forces to make bubbles stick on the surfaces. Because bubbles in carbonated water are sufficiently small, our method
regards bubbles as non-deformable spherical particles. We simulate the flow in carbonated water using a grid-based
method, together with the two-way coupling technique between bubbles and the convective flow. Additionally, the
collisions and fusions among bubbles are also handled to reproduce the complex behavior of bubbles.
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1 Introduction

Water is so ubiquitous in our daily life that we uncon
sciously memorize its fascinating behavior. The deman BsES
of creating realistic water animations have therefore be E&
quite high in computer graphics. Until recently, wate 8
animations have been somewhat artificial in spite of tt
progress of simulation techniques, because bubbles h
been ignored to reduce the computational cost.
Recently, bubble simulations have gained attentions
reproduce various phenomenaincluding boiling [3] and air

trapping [5]. Clearet al. [6] handled simulations of bub- _. . . . )
bles in carbonated water; however, their method suffe'?égure 1: Photographs of objects in carbonated wa

from the quite high computation cost, and cannot sufﬁer' Left: a wooden stlrr_er, right: a pIaStIC_ spoon.
ciently reproduce the interesting behavior of bubbles arodf @mount of bubbles differs due to the difference

object surfaces, which is essential to represent the realiffdnaterials.
appearance of carbonated water.
Here, we describe the behavior of bubbles in carbon-

ated water. Bubbles are known to be generated at Sl‘r%"iﬁ"rfaces (Figure 1, right). Our method handles the bub-

ter. In this paper, such air pockets are caligmheration Eased method [9], and computing the two-way coupling [10]

points The number and ca_pacities (_)f generatiqn poin etween the bubbles and the flow. The reality of the bub-
largely depend on the materials of objects, resulting in ”B?e motion is further enhanced by handling the rebound
differences of the amount and sizes of generated bubbl

F le. bubbl idl tod f Rl fusion of bubbles when they collide. Unlike Cleaty
orexampie, bubbles are rapidly generated irom a wooagih, model, our simple model is computationally inexpen-
stirrer due to the vast amount of generation points on |

porous surface (Figure 1). The duration in which eac ﬁ/e, and thus sited for interactive applications.
bubble adheres to the surface also differs according to ma-

terials. Such difference of the duration yields various siz% Re|ated WOI’k

of bubbles because bubbles keep growing by absorbing

over-condensed gases resolved in carbonated water. &fmulations of liquids including water belong to the most
ter leaving the surface, bubbles rise along the convectipiportant themes in the research of computer graphics.
flow caused by the stream of bubbles. Here we elaborate on the related methods that handle the
In this paper, we propose a method for generating ngshavior of bubbles in liquids.

alistic animations of bubbles in carbonated water, with Honget al. [8] simulated deformations and coalescence
special interests in the behavior of bubbles around Oijﬁqarge bubbles by combining thé@lume of Fluid(VOF)
surfaces, as described above. Our method controls fgthodand thefront-tracking method Songet al. [11]
amount of bubbles by adjusting the number of generatigqged theConstrained Interpolation ProfiléCIP) method
points on the object surface. Regarding the phenomengmccurately calculate advection in the simulation of mul-
that bubbles adhere to object surfaces, the physical prirltpfj)-hase flows. They handled bubbles that are generated
ple is not clearly known to the best of our knowledge. Inyy the air trapped when objects are fallen into the water.
stead of seeking the faithful physical law, we simply modelhere are also several methods for bubbles generated via
the adhesion by introducing a friction-like force whosgoiling of liquids [2, 3, 12]. All of these methods represent
magnitude is proportional to that of the normal force fromypples with grids; in the case of small bubbles in carbon-

the surface. Consequently, our method can represent g@ld water, the methods require quite fine grids, and thus
only the different durations of bubble adhesion but also #acome computationally expensive.

interesting phenomenon that bubbles climb along smooth
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Ale poured into a glass, the use of a large number of parti-

cles makes their method quite expensive, as they reported
that a simulation takes more than ten days. Furthermore,
their method neither handles the adhesion of bubbles onto
object surfaces nor the differences of sizes and generation
rates of bubbles according to the materials, as shown in
Figures 1 and 2.

Our method can handle such differences by introducing
adhesion forces that make bubbles stick on object surfaces.
Unlike Clearyet al’'s method, our method represents bub-
bles with particles and the water with a coarse grid to-

Figure 2: Photographs of the surfaces of contain&f&her with the two-way coupling [10] of the two. Our
containing carbonated water. Left: a glass, right: rgethod is much simpler and less expensive than theirs.
plastic bottle, taken at the same distance. The sizes

of Ibubbles also differ due to the difference of mat(§  Bubble Simulation

rials.

3.1 Overview

Our method represents bubbles in carbonated water with

Mdller et al. [13] used theSmoothed Particle Hydro- non-deformable spheres, because each bubble in carbon-
dynamics(SPH) method to simulate the interaction begted water is roughly one millimeter in diameter and can
tween multlple f|UIdS and state tl’ansitions inClUding boibe regarded as such [15] Bubb|es tha’[ adhere at gen_
ing. Their method can handle the deformation and cogration points are also represented with non-deformable
lescence of bubbles by representing both the air and Igbheres.
uids with particles. Greenwooet al. [5] dealt with the  \ve target the behavior of bubbles inside carbonated wa-
trapped air as bubbles by approximating bubbles in ligsr and do not handle bubbles floating on the water sur-
uids as spheres and simulating the generation of bubbigge, which we would like to deal with in a way similar to
using the particle level set method. Hoegal intro- Clearyet al [6] in future work. Our method controls the
duced the two-way coupling of a grid-based method aRghount of generated bubbles by adjusting the number of
the SPH method, and represented the interaction betwgReration points. Bubbles stay at their generation points
rising bubbles and the water flow. Titeyet al. [14] ac- and keep growing when the external forces that attempt to
complished simulations of the interaction between bubblgsve bubbles are weak, and then start to move when the
and liquids represented with a height field in real timexternal forces become sufficiently strong. We reproduce
These previous methods do not target bubbles in carb@hys phenomenon by introduciragihesion forcebased on
ated water, and thus do not take into account the me¢Re analogy of friction forces. The adhesion forces are
anism of their generation. Recently, Kiet al[4] intro-  calculated so that their directions are opposite to the mo-
duced a pratical simulation method for dispersed bubkign of bubbles and their magnitudes are linearly propor-
flow. Although their method does not target carbonateghnal to those of the normal forces from object surfaces.
water as well as bubble collisions or merging, combininghe coefficients of adhesion forces affect the sizes of bub-
it with our method will improve the motion of rising bub-pjes when they are released from the surface; larger coeffi-
bles. cients help bubbles grow larger, while smaller coefficients

Clearyet al. [6] simulated the generation of bubbles inet them leave earlier. Note that we assume that carbon
carbonated water using the SPH method. In their modgloxide (CQ) is sufficiently resolved in the water for the
the resolved gas in carbonated water is propagated by Wrowth of bubbles.
ter particles via a diffusion process, and is provided t0 oyr method computes the water flow using the grid-
the nucleation sites. Although their method can handigsed method by Stam [9] and handles the interaction be-
highly dynamic animations as shown in their example @fyeen bubbles and the flow. Specifically, we use the two-
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way coupling technique [10] to represent the convection /—E‘\
flow caused by drifting bubbles as well as the motions of
bubbles influenced by the flow. Additionally, when bub-
bles collide, our method lets them repel or merge wit
used-specified probability.

Glass

3.2 The Behavior of Bubbles on Object externaf force

Surfaces

Our method randomly places generation points on the ob-

Adhesion force
ject surfaces with the user-specified density according to Carbonated watcrj
the materials. For example, a porous object like a wooden

stirrer (Figure 2, left) are assigned with a large number figure 3: Relationship between adhesion and exter-
generation points, while a plastic object (Figure 2, righRa| force. The blue arrow represents the total of

notsomany. , force from hydraulic pressure. The green, red and
The duration in which each bubble sticks to the Surfaﬁféllow arrows represent the normal force, the adhe-

varies according to the material of the surface, resulti 59 .
A . on force and the horizontal component of the ex-
in different sizes and growth rates of bubbles. To repre-

sent this phenomenon, we introduce adhesion forces tF%l:[nal force, respectively.
let bubbles stick to the surface. To the best of our knowl-
edge, the theory of the adhesion is not clearly known. Here

we introduce a simple model based on the consideratiga pubble may immediately take off for the water sur-
of external forces against bubbles; a bubble at a genegge from the object surface or glide up along the object
tion point is pushed onto the object surface by hydrauligrface. Such behavior depends on the material of the ob-
pressure. According to Newton’s third law of motion, thgact. For example, on plastic and acrylic surfaces bubbles
bubble receives a normal force in the opposite direction gwly glide, while on a stainless-steel surface they do not.
the pressure. The bubble also receives a buoyancy fOﬁ%erepresent such a phenomenon, we introdutgnamic
from the surrounding water, and possibly a collision forcggnesion forcesimilar to a dynamic friction force. lIts

as well. To maintain the equilibrium against these extefagnitude is also linearly proportional to that of the nor-
nal forces, we assume that the bubble receivesifiesion mg| force:

force similar to a friction force, and its magnitude is lin- g

early proportional to that of the normal force. Specifically, Fay= —IN| = 2)

in our model, the bubble is assumed to receive what we gl

call astatic adhesion forcEg in the stationary state; where ' is a coefficient for dynamic adhesiop’ is set
small for plastic or acrylic surfaces and large for stainless-

Fst = 41\N|%, (1) steel surfaces.

wherep is a coefficient for static adhesioN, is the nor- 3.3  Grid-based Fluid Simulation
mal force (illustrated as the green arrow in Figure 3) and

g is the gravity. To decide whether the bubble stays gur method simulates the water flow using a grid-based
the generation point or leaves there, we compare the m&thod. The simulation space is subdivided into a coarse
nitudes of the static adhesion force and the total extergjd, and the velocity of the fluid is assigned for each
forces in each time step of the simulation. Larger stafitfid cell. The velocities are updated based on the Navier-
adhesion forces let bubbles stay longer at the generati@kes equations in each time step;

point and thus grow larger by absorbing the resolved gas, du ) 1

while smaller forces let them leave earlier even when they 5t = ~WDu+vhu- - Op+f,  (3)

are relatively small. After leaving the generation point, O.u 0, )
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ubble vieloCity
ow
velocjty

Water flow Dfag

velocity

3.5 Interaction among Bubbles
Water

We can observe repulsion and coalescence of bubbles when
they collide, especially when they are gliding on an ob-
ject surface. Our method detects collisions of bubbles,
and then stochastically determines whether they repel or
coalesce into one. The probability is specified by the user.
When bubbles are merged, our method erases collided

L Bubble e bubbles and creates a new bubble whose volume is the to-

| velocity | rloe tal of those of collided bubbles and whose position is the

| ’ i centroid of them. The radius of the new bubble is calcu-
lated according to its volume.

When bubble particlesand j repel, the following re-
Figure 4: lllustrations of the drag force, the lift forcgulsion forceF. is added to bubble particle and also
and the interactions between bubbles and the wadetled to bubble particlgin the opposite direction;
flow from left to right.

Fo = mi(keodX+kgamp/n)s (7
= gk @

whereu is the velocity, p is the pressurep is the fluid ) _ o ) )
density and is the external forces including the gravityWherekeo is the stiffness coefficienkgampis the damping

We solve these equations usiStable Fluidg9]. coefficient and/y is the normal component of the relative
velocity.
3.4 Interaction between Bubbles and Wa- _ _
ter Flow 3.6 The Motion Equation for Bubbles

We compute the interaction between bubbles and the Vlgithls section, we summarize the external forces applied
e

ter flow using the two-way coupling technique [10]. S 0 bubeeT and the motion equatlofn for the bubbrlles. ’
Figure 4 for illustrations. The flow providegag andlift fer':n?:Lvlsb(l))f?j;iziz\éisaa;zgf\?vgigr'or% due to the dif-
forces to bubbles. The drag fordegwork so that bubbles 9 ’
move algng the flow. The lift forcel, let bubbles follow Fb = (M — PiigVoun)9, ©)
vortices in the flow.
m wherepiq is the density of carbonated wat¥fy, is the
Fa = —karag - [vi—uil(vi — i), (3)  volume of a bubble. While a bubble is inside carbonated
o= —kiem(vi—Uj) x @, (6) water, it keeps growing by absorbing the resolved gas in
i the amount proportional to its surface area.

wheremy andr; are the mass and the radius of the bub- In summary, the total of the external forcg, for a
ble particlei, u; is the water velocity at the position ofbubble is the summation of the buoyancy force (Equation
bubblei, which is linearly interpolated from the velocities(9)), the repulsive force from collision (Equation (7)), the
at surrounding grid pointskgrag is the coefficient for the drag and the lift forces from the water flow (Equations (5)
drag force and;;; is the coefficient for the lift forcey; and (6));
is the velocity of bubble particleand « is the vorticity
at the position of bubble particie Conversely, the flow is Fai =Fp+Fct+Fa+F. (10)

affected by the bubbles as well; the total force among bull?faddition, our method adds the dynamic adhesion forces

bles near each grid cell is calculated, and then its inver§8-gliding bubbles (Section 3.2). Our method then updates
directional force is added as an external force in Equatirage velocity and position of the bubble according to the

3.
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law of motion using the total forces; Figure 9 shows results of 3D simulations, captured ev-
ery 30 time steps. There are a cylindrical glass and a blue

dvi = @, (11) oglass ball. The ball has 500 generations points on its sur-
dt mi face. We assume that there are no generation points on the
axi = vy (12) Wwall of the cylindrical glass. Bubbles stay at their gener-
dt ’ ation points for a while due to the static adhesion forces.
wheremy is the mass of bubble particie Then, bubbles glide up along the surface. Regarding the

attached bubbles, we let them slightly intrude into the ob-
ject surface to represent their adhesion. To show the glide
4 Results motions more clearly, we show in Figure 10 a near-view
of another 3D simulation with the generation points re-
This section shows the results of 2D and 3D simulatiomgiced to 50 and other parameters remained the same as
using our method. The implementation was written in C+#igure 9. When the total external forces become larger
using OpenGL. All experiments in this paper were conhan the static adhesion forces, bubbles leave their genera-
ducted on a PC with an Intel Core i7 extreme 975 3.33GHian points and then glide up along the object surface. The
processor and 3GB RAM. As for rendering, the 2D rezcomputational time for each time step (without rendering)
sults are displayed by representing bubbles with texturie-79 milliseconds.
mapped quads. The 3D results are rendered using an offNote that we cannot compare our results with those of
line renderePOV-Ray previous methods in the same condition because, to the
Figure 5 shows gliding motions of bubbles on surfacesst of our knowledge, no previous methods focused on
with different materials. The motion of each bubble difthe generation and growth of bubbles on a surface. In
fers due to the differences in the coefficient of dynamierms of computational time, our method is much more
adhesion (Section 3.2). In this simulation results, the buéaited to interactive applications than Clearly et al.’s method.
ble on the surface that has a lower coefficient of dynamitegarding parameter tuning, the coefficient for static ad-
adhesion moves faster. hesion force and the number of generation points are im-
Figure 6 shows the 2D simulation results of the inteportant to represent the differences of surface materials, as
action between bubbles and the water flow, assuming tiga@imonstrated in Figure 7.
a wooden stirrer is placed obliquely in the tilted rectangle
area. The top and middle rows of Figure 6 show the re- .
sults with and without interactions between bubbles ala  Conclusions and Future Work
the water flow, respectively. The difference of bubbles’
motion can be observed as shown in the areas with red dibis paper has proposed a simple method for simulating
cles. Figure 7 shows the results with different amounts ahtibbles in carbonated water, focusing on their behavior
sizes of bubbles. The top result of Figure 7 contains 5,0egound object surfaces. Our method controlled the amount
generation points while the bottom one 500. The comp@f bubbles generated from object surfaces by adjusting the
tational times for each time step (without rendering) aféimber of generation points. To represent various sizes
1.6 milliseconds for the top and 1.1 milliseconds for thand on-surface gliding motions of bubbles, our method in-
bottom, respectively. The coefficients for static adhesidfpducedstaticanddynamic adhesion forcewhich make
(Section 3.2) are 0.001 for the top result and 0.04 for tfiee bubbles stick on the surfaces. Our method also han-
bottom result, respectively. The smaller coefficient in théed collisions and fusions among bubbles, and the two-
top yields smaller bubbles and the faster growth rate tha&y coupling between bubbles and the flow in carbonated
those in the bottom. Figure 8 shows a comparison betwesater.
a photograph and the result combining 2D simulation and For future work, we would like to verify the physical
a background image. The corresponding accompanyiv@jidity of our method and represent more realistic behav-
video demonstrates that visually plausible animations citis of bubbles, including floating bubbles on the surface
be obtained using our method. There are 1,000 generat@iquids.
points on the grape image area. The coefficient of static
adhesion force is 0.06.
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w/ interaction

(a) time step 112 (b) time step 126 (c) time step 134

Figure 5: Sequence of different motions of bubble
on the surfaces. In each image, brown partitions ¢
surfaces and the coefficient of dynamic adhesion
different in each partition (1.0, 0.6, and 0.3 from lef
to right, respectively). Bubbles on the more rigt
side rise faster because bubbles receive less dyna =
adhesion forces which are proportional to the coef =
cient of dynamic adhesion.

w/o interaction

velocity

Refe rences (a) time step 0 } time step 100 (c) time s 2
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Figure 8: Comparison of a 2D simulation result and
a photograph. Left: a simulation result, right: a pho-
tograph.

Figure 7: The amount of bubbles differ according to
different materials of the object. The size of bubbles
differ according to the coefficients of static adhesion
force. The top and bottom simulation results have
5,000 generation points wifla= 0.001 and 500 gen-
eration points withu = 0.04, respectively.
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(a) time step 0 (d) time step 90

(b) time step 30

(c) time step 60 (f) time step 150 (c) time step 190 (f) time step 196

Figure 9: 3D simulation of bubbles rising in a cylinFigure 10: Bubbles glide on the surface of the spher-
drical cup. ical object.
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