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Abstract
This paper reports the simulation of waterfall including spray cloud in different environments. Visualization
of liquid behavior on physically based simulation is one of the most challenging issues in computer graphics,
especially the simulation of waterfall needs huge amount of computer resources such as calculation power and
much memory. Then, we have been trying to visualize the waterfall simulation by dividing the model into three
parts: water stream, splashing spray, and spray cloud. Among them, the behavior of spray cloud has much
effects on the waterfall appearance as well as the water stream. Therefore, we have simulated the behavior
of a waterfall including spray cloud in different environments, and found that the environment in front of the
waterfall affects the spray cloud behavior.

1 Introduction

There are many kinds of simulations by using com-
puter graphics for natural phenomena. Although its
reality is very important for visualization, precise sim-
ulation is also needed to validate the simulation model
and to improve the realism of the image. One of the
most challenging issues in computer graphics is visu-
alization of natural phenomena, especially liquid be-
havior because liquid changes its shape easily, and also
its boundary is so clear. Then, there have been many
researches studied for visualization of liquid behav-
ior based on physical simulation such as ocean, rivers,
bubbles, and spray. However, there were not so many
researches on waterfall, although there are some works
limited to part of falling water.

Therefore, we have been working on the model and
the method to visualize the whole behavior of a wa-
terfall based on physical simulation. A waterfall is di-
vided into three parts: water stream, splashing spray,
and spray cloud. The water falls down from the lip
of the waterfall, and splashing spray comes out of the
water stream. After the water reached at the basin,
spray cloud soars up from it.

In the simulation, we employ a hybrid method of
particle and grid. Particle method is used for water
stream and splashing spray, because the boundary of
them are clear and simulation space is limited. On
the other hand, grid based method is used for spray
cloud, since spray cloud is vapor, and the boundary is
not so clear that simulation space is not limited.

In our previous method, we tried to visualize spray
cloud soaring up from the basin; however the spray
cloud was not soaring so high. Therefore, in this pa-
per, we reports the simulation results that have been
performed in different envrionments, especially differ-
ent slopes and heights of obstacles in front of the wa-
terfall. We also have introduced the force generated
from the air density difference and the interaction be-
tween the spray cloud and the splashing spray veloci-
ties through the air velocity.

2 Previous Works

Related to water simulation with computer graphics,
Mould et al. explained strengths and shortcomings
of water modeling [1], and Iglesias surveyed computer
graphics techniques that has been developed during
1980s and 1990s for modeling, rendering and anima-
tion [2]. In addition, Darles et al. introduced the lat-
est technologies for ocean simulation [3]. Each tech-
nique of the researches is as follows including other
works.

Hinsinger et al. and Cui et al. proposed methods to
represent the waves on ocean surface by using an adap-
tive mesh model [4, 5]. Dupuy and Bruneton also pre-
sented ocean scenes with whitecaps [6]. These meth-
ods basically visualize only the continuous surface of
ocean so that mesh model is suitable although non-
continuous surfaces (whitecaps) appear on the surface
when it breaks. Mesh model, however, is not suitable
for the simulation where the topology of fluid changes
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such as river stream break by rocks. Then, Müller et
al. used SPH (Smoothed Particle Hydrodynamics),
which is one of particle methods, to represent inter-
active animation of pouring water [7], and Kipfer and
Westermann also performed interactive simulation of
rivers with SPH [8].

There are two kinds of methods for treating liquid
objects: Eulerian (grid-based) and Lagrangian (par-
ticle) methods. Chentanez and Müller used Eulerian
method to simulate water flow in real time with the
help of GPU power [9], and Nishino et al. visualized
small air bubbles that appear on freezing ice with grid-
based method [10]. On the other hand, Foster and
Fedkiw employed modified semi-Lagrangian method
to represent liquid animation [11], and Busaryev et
al. employed particle method and Voronoi diagram to
visualize coke foam [12].

It is easy to represent a freely transformable object
with Lagrangian (particle) method; however, it is diffi-
cult to determine the boundary of the object and some
methods such as level-set are used to determine the
boundary. On the other hand, Eulerian (grid-based)
method needs huge amount of memory to store ev-
ery physical quantity at each grid point; however, it
is easy to visualize the simulation result. Then, Hong
et al. proposed a hybrid method that combines parti-
cle and grid-based approaches to visualize both large
scale of water and many small bubbles [13]. This hy-
brid method is so efficient that Chentanez and Müller
used the hybrid method to visualize a large scale of
flowing river along a valley [14].

There are mainly two reasons for the difficulty of
fluid simulation. One is that its shape changes easily
and the other is that its boundary is clearer. Particle
method is very useful for handling the shape change.
Then, Miller proposed particle system for animating
viscous fluids [15], and Sims introduced a parallel par-
ticle rendering system to model dynamic phenomena
such as wind, snow, water and fire [16]. However, it is
difficult to make the boundary so clear that level-set
method is used to determine the boundary. Green-
wood and House used PLS (Particle Level Set) al-
gorithm to treat bubble-bubble interfaces and repre-
sented two or three bubble clusters [17], and Geiger
et al. used PLS to visualize the main body of ocean
and splash [18]. In addition, Kim et al. presented
bubbles staying for a long time on the water surface
with level-set and volume control methods [19], and
Losasso et al. proposed two-way coupled simulation
framework that uses PLS and SPH to represent large
scale of ocean scene [20].

Related to waterfalls, Mallinder proposed waterfall
model with a method of “string texture”, which is a
memory space reduced from 3D to 1D [21]. Particle

method needs much memory to store some parame-
ters for each particle so that this paper described a
method to store the data not explicitly but implicitly.
In addition, Foster and Metaxeas developed a system
with which animators can control a fluid animation
without knowledge of equations for dynamic simula-
tion [22]. On the other hand, Howes and Forrest visu-
alized waterfalls by using particle method [23]. They
represented horseshoe falls with mist; however, the
simulation was not based on physics and the image
was not so realistic. Sakaguchi et al. created a tool
for waterfall that is based on volume rendering; how-
ever the rendering requires two passes so that it takes
a lot of time to visualize waterfalls [24]. Hardie also
visualized falling water with particle simulation; how-
ever, it also was not based on physical simulation but
used noise function [25]. On the other hand, Taka-
hashi et al. proposed CIP (Cubic Interpolated Prop-
agation) method to visualize the seamless connection
between splash and foam [26]. Hoetzlein and Höllerer
proposed a technique for extracting surface of falling
water stream combined with many particles by using
sphere scan conversion [27], and Miyashita and Funa-
hashi proposed a real-time liquid manipulation model
that handles water falling from a cup in a virtual space
[28]. In addition, Nielsen and Østerby visualized wa-
ter spray that appears in waterfalls, water jets, and
stormy seas with Eulerian two-continua simulation of
air and water [29].

Waterfalls are mainly constructed with three parts:
water stream, splashing spray, and spray cloud; how-
ever, the previous works did not describe the method
to visualize the whole behavior of waterfalls on phys-
ically based simulation. Then, we have proposed a
method to visualize the whole behavior of a waterfall
based on precise physical simulation [30]. We have also
proposed the method to visualize spray cloud soaring
from the basin by considering the environment condi-
tions such as vapor density and the terrain around the
basin [31]. Especially, in the paper, we have realized
the interaction between the splashing spray and the
spray cloud by utilizing the velocity calculated in the
splashing spray simulation as the velocity in the spray
cloud simulation and vice versa. In this paper, we
report the simulation results of the spray cloud be-
havior in different environments, especially different
slope angles and heights of obstacles in front of the
waterfall.

3 Waterfall Model

Fig.1 shows the proposed waterfall model, which is
composed of three parts: water stream, splashing
spray and spray cloud. The water is modeled with par-
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Figure 1: Waterfall model.

Figure 2: Particles that construct waterfall model.

ticles, and water particles flow into the lip and they
fall down to the basin. The stream from the lip to
the basin is the main water stream of a waterfall, and
splashing spray comes out of the water stream. Spray
cloud is also generated from the splashing spray.

On the other hand, Fig.2 shows particles that con-
struct a waterfall model. The water stream is com-
posed of three kinds of particles: water stream, free
surface and isolated particles, and they are differenti-
ated by the density as follows.

ρsur = αsurρmain (1)
ρiso = αisoρmain (2)

0 < αiso < αsur < 1 (3)

Where, ρmain, ρsur and ρiso are the densities of wa-
ter stream, free surface and isolated particles, respec-
tively. ρmain keeps almost the same value because
water is incompressible fluid. In order to analyze the
behavior of these particles, particle method is useful
[32, 33, 34] and its behavior obeys Navier-stokes equa-
tion described in the following section.

On the other hand, the splashing spray particle
comes out of the isolated particle, and the isolated
particle disappears after it has generated some splash-
ing spray particles. The splashing spray particle has
an initial velocity that is the same value as the isolated
particle, and is affected by air velocity. The splashing
spray particle is a tiny particle and its density is so
small that the behavior does not obey Navier-stokes

equation. In this paper, we employ equation of mo-
tion for small particle to analyze the behavior of the
splashing spray [35].

The spray cloud comes out of the splashing spray
particles in the water stream and/or the basin, and
spreads out into larger space so that grid-based
method is useful for the analysis. In this paper, we
use the method of Stable Fluid to analyze the behavior
of the spray cloud, because Stable Fluid gives an un-
conditionally stable model for complex flow so that it
becomes possible to take larger time steps and achieve
faster simulation [36].

4 Method

4.1 Water Stream

We employ SPH method to analyze the behavior of
the water stream, which includes water stream, free
surface, and isolated particles. Navier-stokes equation
is shown as the following [33].

∂u

∂t
= −1

ρ
∇p + ν∇2u + f (4)

Where, u is velocity, t is time, ρ is density, p is
pressure, ν is viscosity, and f is external acceleration.
A physical quantity φ(xi), its gradient ∇φ(xi) and its
Laplacian ∇2φ(xi) at a position xi are defined respec-
tively as follows.

φ(xi) = Σjmj
φj

ρj
W (xi − xj) (5)

∇φ(xi) = Σjmj
φj

ρj
∇W (xi − xj) (6)

∇2φ(xi) = Σjmj
φj

ρj
∇2W (xi − xj)

= Σjmj
∇φj

ρj
∇W (xi − xj)

= Σjmj
φj − φi

ρj

xj − xi

|xj − xi|
∇W (xi − xj)

(7)

Where, mj , ρj and xj is the mass, the density and
the position of a particle j, respectively. W is called
kernel function and the kernel functions of density Wd,
pressure Wp and viscosity Wv are defined respectively
as follows [7, 34].

Wd(rij) =
315

64πr9
e

(r2
e − |rij |2)3 (8)

∇Wp(rij) = − 45
πr6

e

(re − |rij |)2
rij

|rij |
(9)

∇Wv(rij) =
45
πr6

e

(re − |rij |) (10)
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Where, re and rij are the radius of influence and the
vector from particle j to particle i, respectively. With
the above equations, the density ρ(xi) at a position of
xi, the pressure term ∇p and the viscosity term ν∇2u
are calculated as follows.

ρ(xi) = ΣjmjWd(xi − xj) (11)

∇pi = Σjmj
pj

ρj
∇Wp(xi − xj)

≈ Σjmj
pi + pj

2ρj
∇Wp(xi − xj) (12)

ν∇2u = νΣjmj
uj − ui

ρj

xj − xi

|xj − xi|
∇Wv(xi − xj)

(13)

Where, pi is the pressure to particle i. The pressure
works between particles i and j; however, the pressure
to particle i from particle j is different from the pres-
sure to particle j from particle i so that the pressure
to particle j (pj) is approximated with the average
pressure of pi+pj

2 in Eq.(12). In addition, p is defined
with the following equation.

p =
{

k(ρ − ρ0) ρ ≥ ρ0

0 otherwise
(14)

Where, k and ρ0 are gas constant and the initial
particle density. Finally, the gravity and the air re-
sistance are considered as the external acceleration f ,
which is defined as the following.

f = g +
1

ρpVp
Fair (15)

Fair =
1
2
π

(
Dp

2

)2

ρaCr|up|up (16)

Where, g is gravity, and ρp, Vp, Dp, and up are
density, volume, diameter and velocity of a particle,
respectively. In addition, ρa and Cr are the density
of air and the coefficient of resistance, respectively.
The air resistance is calculated by approximating the
particle as a sphere.

4.2 Splashing Spray

In order to analyze the behavior of the splashing spray,
we use equation of motion for small particle, which is
described as follows [35].

Fr + Fb = ρp
π

6
D3

p

dup

dt
(17)

Fr =
1
2
π

(
Dp

2

)2

ρaCr|ua − up|(ua − up)

(18)

Fb = (ρp − ρa)
πD3

p

6
g (19)

Where, ρa and ua are density and velocity of air, re-
spectively and other parameters are the same as those
in Eqs.(15) and (16). The splashing spray particle
comes out of an isolated particle so that the initial
velocity of the splashing spray particle has the same
value as that of the isolated particle. On the other
hand, the velocity of air ua has the same value as
that of the spray cloud, which is calculated in the next
section.

4.3 Spray cloud

The spray cloud comes out of the water stream and/or
the basin and spreads out into larger space so that we
employ grid-based method to analyze the behavior.
The density of the spray cloud is defined for each voxel
as follows.

Dc(x) = βn(x) (20)

Where, Dc(x), n(x) and β are density of spray
cloud, number of particles in the voxel at a position
x, and parameter that defines the density of the spray
cloud. The velocity of the voxel is also defined as the
average velocity of the particles that exist in the voxel.

There are many grid-based methods; however, some
does not guarantee stable behavior. Stable Fluid [36]
is one of the grid-based methods and guarantees stable
behavior of fluid. Then, we use Stable Fluid to analyze
the behavior of the spray cloud in this paper. Navier-
stokes equation for spray cloud is as follows, which is
different from Eq.(4) because advection term (u ·∇)u
should be considered in grid-based method.

∂u

∂t
= −(u · ∇)u − 1

ρ
∇p + ν∇2u + f (21)

∇ · u = 0 (22)

According to Helmholtz decomposition, any vector
w can be decomposed to a vector with no divergence
v and the gradient of a scalar q as follows.

w = v + ∇q (23)

The above equation can be written as the following
with P , which is an operator that projects w to v.

Pw = v = w −∇q (24)

If we apply Eq.(21) to Eq.(24), we can obtain the
next equation.

P{−(u · ∇)u + ν∇2u + f} =
∂u

∂t
(25)

= {−(u · ∇)u + ν∇2u + f} − 1
ρ
∇p (26)

Eq.(25) does not have the pressure term 1
ρ∇p and

this becomes the basic equation for the spray cloud.
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On the other hand, we can obtain the following equa-
tions from Eqs.(24) and (26) because ∇ · v = 0.

∇ · w = ∇2q (27)

∇ · {−(u · ∇)u + ν∇2u + f} =
1
ρ
∇2p (28)

Then, the pressure term can be solved with Eq.(28).
Eq.(25) can also be rewritten as follows.

u = P{−(u · ∇)u + ν∇2u + f}dt (29)

In order to visualize the soaring-up of spray cloud,
we consider vapor density. Vapor density (ρv) is cal-
culated with the following equation [37].

ρv = 1.293
273.15

273.15 + T

p

1013.25
(1 − 0.378

e

p
) (30)

Where, 1.293[kg/m3] is the density of dried air,
273.15[degree] is a coefficient of translation from Cel-
sius temperature to absolute temperature, T [degree]
is Celsius temperature, p[hPa] is pressure, 1013.2[mb]
is air pressure, 0.378 is a coefficient of translation from
the gravity of dried air to the gravity of wet air, and
e[hPa] is vapor pressure.

The density difference generates the force that
makes spray cloud move up. Then, the following ac-
celeration is added to f in Eq.(29) as the external
acceleration of lower grid.

(
ρl − ρu

ρl
)g (31)

Where, ρl and ρu are the densities of lower and up-
per grids, respectively, and g is gravity. Then, the al-
gorithm to calculate the velocity u is as follows, where
the initial velocity u0 is defined as the velocity of the
splashing spray (up in Eq.(18)). The calculated veloc-
ity u also affects the air velocity ua in Eq.(18).

<Algorithm for spray cloud>

1. Define the initial velocity u0.

2. Calculate the velocity u1 updated by the external
acceleration with
u1(x, t) = u0(x, t) + f(x, t)dt.

3. Calculate the velocity u2 updated by the advec-
tion with u2(x, t) = u1(x − u1dt, t).

4. Calculate the velocity u3 updated by the viscosity
with u3(x, t) − ν∇2u3(x, t)dt = u2(x, t).

5. Calculate the pressure p according to Eq.(28)
with dt

ρ ∇2p = ∇ · u3(x, t).

6. Calculate the velocity u4 updated by the pressure
with u4(x, t) = u3(x, t) − dt

ρ ∇p.

In addition, we have considered the terrain around
the basin of the waterfall. The basin of waterfall is like
a pond that is surrounded by rocks so that we have
generated the environment terrain as shown in Fig.3.
The simulation space is divided into 803 voxels. The
left object in Fig.3 is the wall behind the waterfall,
along which water falls down. On the other hand, the
right object is a block of rocks that is placed in front of
the basin of the waterfall, where Width and Height
change according to the conditions such as different
heights of the rock with the same slope angle.

Figure 3: Terrain around the waterfall.

5 Simulations

With the above methods, we can analyze the behavior
of a waterfall, which includes water stream, splashing
spray and spray cloud. The water stream is also com-
posed of three types of particles: water stream, free
surface and isolated particles. Water stream, splash-
ing spray and spray cloud are analyzed by particle
method (SPH), equation of motion for small particle,
and grid-based method (Stable Fluid), respectively.
Here, the water stream can be calculated without
the simulation results of splashing spray and spray
cloud, because water stream is not affected by splash-
ing spray and spray cloud. Therefore, we analyze the
behavior of water stream first and then analyze splash-
ing spray and spray cloud later with the simulation
result of the water stream. Then, the simulation al-
gorithm is composed of two parts of A and B as the
following.

<A: Algorithm for the water stream>

A1 Initialize and set parameters.
A2 Add the water stream particles to the lip and re-

move others from the basin.
A3 Detect the free surface and the isolated particles.

A4 Analyze the behavior of the water stream with
SPH.

A5 Calculate positions, velocities and densities of the
water particles.

A6 Continue from A2 to A5.
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< B: Algorithm for splashing spray and spray cloud>

B1 Input positions, velocities and densities of the wa-
ter particles.

B2 Generate the splashing spray and remove them
after a constant time.

B3 Analyze the behavior of the splashing spray with
equation of motion for small particles.

B4 Generate the spray cloud and remove them after
a constant time.

B5 Analyze the behavior of the spray cloud with Sta-
ble Fluid.

B6 Update the air velocity, which affects the splash-
ing spray, with the velocity of the spray cloud for
the next time step.

B7 Continue from B2 to B6.

6 Simulation Results

The simulation was performed with a normal PC that
has Intel Core i7 2.8GHz CPU, 4GB main memory,
and GeForce GTX 670 with 8GB memory. The max-
imum number of particles of the water stream and
the splashing spray were both 262,144, and the grid
size for the spray cloud was 803. The parameters of
αsur, αiso and β were 0.79, 0.45 and 500, respectively.
Simulation time was 1,096[s] for 1,000 steps (575[s]
for water stream, and 521[s] for splashing spray and
spray cloud). On the other hand, the rendering time
was 614[s] for 1,000 step. In this simulation, 1 step
corresponds to 2[ms].

Simulation Results are shown in Fig.4. All images
are captured at 15 seconds after the simulation has
begun. (a1)-(a3) are the simulation results with the
same slope angle (60[degrees]) and different heights
of the rock, while (b1)-(b3) are the other simulation
results with the same width (110[m]) and different
heights of the rock. From the figures, we can see that
the spray cloud is soaring up along the rock, spreading
out to the front and rotating over the rock. As the rock
height becomes lower, the spray cloud is more spread-
ing out over the rock rather than soaring up. On the
other hand, as the height becomes higher, the spray
cloud is more soaring up along the rock rather than
spreading out over the rock. It seems that the bound-
ary affects the soaring-up of the spray cloud; however,
the spray cloud that goes out of the boundary is just
removed so that the spray cloud does not soar up along
the boundary. Instead of that, the spray cloud soars
up by the force generated from the air density differ-
ence.

Fig. 5 shows the comparison of the simulation result
with a real waterfall called “Kegon no Taki” that is

very famous waterfall in Japan. We can see that both
waterfalls have the same kind of water stream that has
some water blocks and spray cloud that soars up from
the basin.

Figure 5: Comparison of the simulation result with a
real waterfall.

7 Conclusions and Future
Works

We have simulated waterfall behavior with different
environments. In our model, waterfall is composed of
three parts: water stream, splashing spray and spray
cloud, and also the water stream is constructed with
three types of particles: water stream, free surface,
and isolated particles. In addition, water stream has
been analyzed with SPH, splashing spray has been
analyzed by solving equation of motion for small par-
ticles, and finally spray cloud has been analyzed with
Stable Fluid. Especially, we have introduced the in-
teraction between the splashing spray and the spray
cloud by considering the air velocity that has the role
of the bridge between the spray cloud and the splash-
ing spray. With the comparison of the different kinds
of simulation results, we have found that the spray
cloud soars up along the rock located in front of the
waterfall, spreads out to the front and rotates over the
rock. We have also seen that the spray cloud is more
soaring up near the rock edge rather than spreading
over the rock as the rock slope becomes steeper, while
the spray cloud is more spreading over the rock as the
rock slope becomes gentler.

In the future, we have to consider mass conservation
when one particle generates some other particles, and
also the method to generate many kinds of waterfalls.
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Figure 4: Simulation Results.
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